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Abstract
We construct the most general gauge fixing and the associated Faddeev-Popov
ghost term for the SU(2) Yang-Mills theory, which leaves the global U(1) gauge
symmetry intact (i.e., the most general Maximal Abelian gauge). We show that the
most general form involves eleven independent gauge parameters. Then we require
various symmetries which help to reduce the number of independent parameters for
obtaining the simpler form. In the simplest case, the off-diagonal part of the gauge
fixing term obtained in this way is identical to the modified maximal Abelian gauge
term with two gauge parameters which was proposed in the previous paper from the
viewpoint of renormalizability. In this case, moreover, we calculate the beta function,
anomalous dimensions of all fields and renormalization group functions of all gauge
parameters in perturbation theory to one-loop order. We also discuss the implication
of these results to obtain information on low-energy physics of QCD.
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1 Introduction
The gauge fixing is an indispensable procedure in quantizing the continuum gauge
theory. It is believed that the physically meaningful results do not depend on the
gauge fixing condition. Therefore we can adopt any favorite gauge fixing condition
for obtaining physical quantities. We often adopt the Lorentz gauge in order to
simplify the calculation. In this gauge, the Lorentz covariance is explicitly preserved.
Especially, the Landau gauge is very efficient to simplify the calculations in the gauge
theory.
In this paper, nevertheless, we consider the maximal Abelian (MA) gauge. This
gauge is very useful to clarify the low energy physics of quantum chromodynamics
(QCD), since in the low energy region of QCD, the Abelian projection procedure [1] or
a hypothesis of Abelian dominance [2] has been justified by the recent research mainly
based on numerical simulations [3]. Especially, quark confinement can be explained
based on the dual superconductor picture of QCD vacuum [4] at least qualitatively.
Dual superconductivity of QCD is expected to be described by the dual Ginzburg-
Landau (DGL) theory. However, the DGL theory is an Abelian gauge theory, while
QCD is an SU(3) non-Abelian gauge theory. Therefore, for the dual superconductor
picture to be responsible for the low energy physics in QCD such as quark confinement
and spontaneous breakdown of chiral symmetry, the Abelian projection procedure
turns out to be useful. Thus we expect that the maximal Abelian gauge [5] is the
most useful gauge for describing the low energy physics of QCD.
In a series of papers[6, 7, 8, 9, 10, 11], we have tried to give an analytical framework
which enables us to explain the Abelian dominance in QCD under the MA gauge
from the viewpoint of renormalizability. The MA gauge is a nonlinear gauge fixing
condition, in sharp contrast with the conventional gauge fixing of the Lorentz type
which is a linear gauge. Due to this non-linearity, we must introduce the quartic
ghost–antighost self-interaction to maintain the renormalizability. The modified MA
gauge fixing term [7, 9] was devised to incorporate such a self-interaction term in
a natural way. We have pointed out a possibility of dynamical mass generation of
off-diagonal gluons and off-diagonal ghosts due to the ghost–antighost condensation.
The fact that the off-diagonal fields become massive while the diagonal fields remain
massless or have smaller masses gives an analytical explanation of Abelian dominance
in the low energy region.
In spite of such an advantage in the low energy region of QCD, the MA gauge
is rarely adopted in contrast with the Lorentz gauge. One of the reasons is that the
calculation in the MA gauge is very complicated because of the nonlinearity of MA
gauge fixing condition. Another reason is that the MA gauge partially fixes the non-
Abelian gauge symmetry leaving the residual U(1)N−1 gauge symmetry so that the
global color symmetry is partially broken and we must distinguish diagonal compo-
nents and off-diagonal components of fields in the MA gauge. Therefore, the detailed
investigation of the MA gauge has not yet been performed even in the perturbative
level except for pioneering works [12]. In this paper, therefore, we present pertur-
bative results, i.e., calculations of the beta-function, anomalous dimensions of fields,
and renormalization group (RG) function of gauge parameters in the MA gauge.
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Before performing concrete calculations, we obtain the most general form of SU(2)
Yang-Mills action in the MA gauge. We show that the most general form of the MA
gauge involves eleven gauge parameters. We classify the gauge parameter space from
the viewpoint of symmetries. A detailed consideration of such a gauge fixing term
in the case of SU(2) has already been attempted by Min, Lee and Pac[12] or Hata
and Niigata[13] and some of RG functions of gauge parameters were calculated there.
However, in this paper, we give thorough analyses of the symmetries imposed on the
possible action in the MA gauge. In the simplest case, the off-diagonal part of the
gauge fixing terms obtained in this way is identical to the modified maximal Abelian
gauge terms with two gauge parameters proposed in the previous paper from the
viewpoint of renormalizability. Moreover, we calculate anomalous dimensions of all
fields and RG functions of gauge parameters appearing in our action to one-loop order
of perturbation theory in the scheme of the dimensional regularization.
Even though our main interest lies in the investigation of the low energy physics
of QCD and the perturbative approach is not valid there, the perturbative calcula-
tions are the first step toward the non-perturbative studies of the low energy physics
governed by the strong coupling dynamics. This is because the high energy be-
havior could be related to the low energy one by renormalization group equation and
analyticity.[14] In fact, the anomalous dimensions and RG functions calculated by per-
turbative method give indispensable ingredients for the nonperturbative approaches,
for instance, the truncated coupled Dyson-Schwinger equations, superconvergence
relations[15, 16] and numerical simulations on a lattice[17].
This paper is organized as follows. In section 2, we give a general consideration on
the renormalizable gauge fixing and FP ghost term respecting the global U(1) gauge
symmetry in the SU(2) non-Abelian gauge theory. By taking account of the symme-
tries, we can fix some of the parameters without spoiling the renormalizability. Then
we restrict our consideration to a fixed parameter subspace. It is possible to choose
a minimal version of the maximal Abelian gauge by restricting the parameter space
to three independent parameters. In section 3, we calculate quantum corrections to
all the remaining parameter in the minimal choice of the most general MA gauge,
although some of the anomalous dimensions have already been obtained in the previ-
ous papers[10, 11]. The renormalizability of the modified MA gauge is confirmed to
one-loop order of perturbation theory. We give the conclusion and discussion in the
final section. In Appendix A, we discuss the rescaling of the fields preserving BRST
transformation and its connection to the renormalization.
2 The most general gauge fixing terms
In this section, we construct the most general gauge fixing (GF) and the associated
Faddeev-Popov (FP) ghost term for the Maximal Abelian gauge in the SU(2) Yang-
Mills theory. Note that we require only the global U(1) symmetry for the gauge
fixing term, not the global SU(2) gauge symmetry. The most general FP+GF term
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is obtained in the BRST exact form,
SGF+FP = −i
∫
d4xδBG, (1)
where G is a functional of gluons AAµ = (A
a
µ, aµ), ghosts C
A = (Ca, C3), antighosts
C¯A = (C¯a, C¯3) and Nakanishi-Lautrup fields BA = (Ba, B3) with a = 1, 2.
First, the functional G must satisfy the following requirements.
1) The functional G must be of mass dimension 3. Since AAµ = (A
a
µ, aµ), C
A =
(Ca, C3), C¯A = (C¯a, C¯3) and BA = (Ba, B3) has respectively the mass dimension
1, 1, 1 and 2, a monomial in the functional G consists of at most three fields.
2) The functional G must have the global U(1) symmetry.
3) The functional G must have the ghost number −1. Note that AAµ = (A
a
µ, aµ),
CA = (Ca, C3), C¯A = (C¯a, C¯3) and BA = (Ba, B3) has the ghost number 0, 1,
−1 and 0, respectively.
From the above requirements 1) and 2), the possible form of the monomials in G can
be classified into seven groups:
δabXaY bZ3, ǫab3XaY bZ3, X3Y 3Z3, (2)
δabXaY a, ǫabXaY b, X3Y 3, (3)
X3. (4)
Taking account of the fact that the functional G is of the form,
G = C¯Φ, (5)
apart from the index, we find that one of X , Y and Z must be an antighost C¯A =
(C¯a, C¯3) and that Φ must be of dimension 2 and of ghost number zero from the
requirement 3).
Second, we consider the global SU(2) symmetry which is broken by the MA gauge
fixing. The invariants under the global SU(2) rotation are
ǫABCXAY BZC , δABXAXB. (6)
Therefore, the three groups of the seven groups belong to this type:
ǫab3XaY bZ3, δabXaY b, X3Y 3. (7)
The remaining four groups,
δabXaY bZ3, X3Y 3Z3, ǫabXaY b, X3, (8)
are incompatible with the global SU(2) symmetry if they exist in the functional G.
They are called the exceptional terms. Thus, the possible form of the functional is
rewritten as
SGF+FP = −i
∫
d4xδB
(
G(a) +G(i) + Gex
)
, (9)
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where we have decomposed the terms belonging to the first group (7) into two func-
tionals G(a) and G(i) according to their forms,
G(a) = C¯aΦa, G(i) = C¯3Ψ3, (10)
and Gex denotes the exceptional terms of the form,
Gex = C¯aΦ′a + C¯3Ψ′3. (11)
The first functional G(a) plays the role of partially fixing the SU(2) gauge sym-
metry to U(1). The possible form of monomials in G(a) is either ǫab3C¯aY bZ3 or
δabC¯aY b. It is easy to see that the possible choices are given as ǫab3C¯aY bZ3 ∼
ǫab3C¯a(CbC¯3, C¯bC3, Abµaµ) and δ
abC¯aY b ∼ δabC¯a(Bb, ∂µAbµ). Thus the most general
form of G(a) is given by
G(a) := C¯a
[
(∂µδab − ξgǫabaµ)Abµ +
α
2
Ba − i
ζ
2
gǫabC¯bC3 + iηgǫabC¯3Cb
]
. (12)
It turns out that the off-diagonal component of the Nakanishi-Lautrup field Ba is
generated from this functional after performing the BRST transformation explicitly.
By making use of the anti-BRST transformation, this functional is recast into
G(a) ≡ −δ¯B
[
1
2
AµaAaµ −
ζ
2
iCaC¯a
]
+C¯a
[
i(1− ξ)gǫabaµAaµ +
α− ζ
2
Ba + iηgǫabC¯3Cb
]
. (13)
The first term of the right hand side of (13) is both BRST and anti-BRST exact, and
give rise to the modified MA gauge fixing term proposed in the previous papers[7, 9].
After performing the BRST transformation, we obtain
S(a) := −i
∫
d4xδBG
(a)
=
∫
d4x
{
α
2
BaBa + BaDξµAaµ − igζǫ
abBaC¯bC3 + igηǫabBaC¯3Cb
−igηǫabB3C¯aCb + iC¯aDξµDµC
a
+igǫabC¯aDξµAbµC
3 + ig(1− ξ)ǫabC¯aAbµ∂
µC3 − ig2ξǫadǫcbC¯aCbAcµA
µd
+g2
ζ
4
ǫabǫcdC¯aC¯bCcCd − g2ηC¯3C3C¯aCa
}
, (14)
where we have defined a covariant derivative Dξµ in terms of the Abelian gluon aµ as
DξµΦ
a := (∂µδ
ab − ξgǫabaµ)Φ
b, (15)
which is abbreviated in the special case of ξ = 1 as
DµΦ
a := Dξ=1µ Φ
a = (∂µδ
ab − gǫabaµ)Φ
b. (16)
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The second functional G(i) is used to fix the residual U(1) gauge symmetry. The
possible monomials are of two types: ǫab3C¯3Y aZb and δ33C¯3Y 3. Therefore, we obtain
ǫab3C¯3Y aZb ∼ ǫab3C¯3(C¯aCb, AaµA
µb = 0) and δ33C¯3Y 3 ∼ δ33C¯3(B3, ∂µaµ). It should
be remarked that the term proportional to C¯3ǫabC¯aCb is a candidate for the terms in
this functional. However, such a term has already been included in Eq. (12) as the
last term. Thus the general form of G(i) is given by
G(i) := C¯3
[
κ∂µaµ +
β
2
B3
]
. (17)
After performing the BRST transformation, we obtain
S(i) := −i
∫
d4xδBG
(i)
=
∫
d4x
{
β
2
B3B3 + κB3∂µaµ + iκC¯
3∂2C3 + igκC¯3ǫab∂µ(AaµC
b)
}
. (18)
The last functional Gex in Eq. (9) includes exceptional terms. The possible forms
are classified into δabXaY bZ3, X3Y 3Z3, ǫabXaY b andX3. The trilinear monomials are
δabC¯aY bZ3 ∼ δabC¯a(Abµa
µ, C¯bC3 = 0, CbC¯3) and δabC¯3XaY b ∼ C¯3δab(AaµA
µb, C¯aCb).
Moreover, X3Y 3Z3 ∼ C¯3(aµa
µ, C¯3C3 = 0). The bilinear terms are ǫabXaY b ∼
ǫabC¯a(Bb, ∂µAbµ). The linear term is X
3 ∼ C¯3(Λ2, ∂2) with a parameter Λ of mass
dimension one. Thus Gex is given by
Gex := gC¯3
[
χ
2
aµaµ +
̺
2
AµaAaµ + iςC¯
aCa
]
+ gω(Λ2 + ∂2)C¯3
+C¯aǫab(ϑ∂µδbc −̟gǫbcaµ)Acµ, (19)
where we have omitted the bilinear term ǫabC¯aBb, since it gives a vanishing contri-
bution after the BRST transformation, δB(ǫ
abC¯aBb) = 0. Now we require only the
global U(1) gauge symmetry for the gauge fixing terms so that the terms included
in Eq. (19) are not forbidden in spite of the fact that the diagonal index is not con-
tracted. The second term in the right hand side of (19) becomes a linear term in
B3 after carrying out the BRST transformation. We make use of the dimensional
regularization in this paper so that the divergence coming from the tadpole of B3
does not appear as a result of perturbative loop expansions. Therefore we can set the
parameter ω = 0 without spoiling the renormalizability. After performing the BRST
transformation, we obtain
Sex := −i
∫
d4xδBG
ex
=
∫
d4x
{
−igςBaC¯3Ca + ϑǫabBaDµAbµ + g(̟ − ϑ)B
aaµA
µa
+g
̺
2
B3AaµA
µa + g
χ
2
B3aµa
µ + igςB3C¯aCa
+iϑǫabC¯aDµDµC
b + ig(̟ − ϑ)C¯aaµD
µCa
−igϑC¯aDµAaµC
3 + ig(̟ − ϑ)C¯a∂µC3Aaµ + ig
2(̟ − ϑ)ǫabC¯aC3aµA
µb
+ig̺C¯3AaµD
µCa + igχǫbaC¯3aµA
µbCa
+igχC¯3aµ∂
µC3 + ig2̟ǫbcC¯aAbµC
cAµa − g2ςǫabC¯3C¯aCbC3
}
. (20)
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Summing up three functionals and integrating out the Nakanishi-Lautrup fields,
we obtain the most general form of the gauge fixing term with global U(1) symmetry
as
SGF+FP =
∫
d4x
{
+ iC¯aDµξDµC
a + iϑǫabC¯aDµDµC
b + iκC¯3∂2C3
+i
gκ
β
(ηǫab − ςδab)C¯aCb∂µaµ + ig(̟ − ϑ)C¯
aaµ(D
µC)a
+i
g2χ
2β
(ηǫab − ςδab)C¯aCbaµa
µ
+ig
α− ζ
α
ǫabC¯aDξµAbµC
3 + ig(1− ξ)ǫabC¯aAbµ∂
µC3 − ig
α− ζ
α
ϑC¯aDµAµaC3
+ig(̟ − ϑ)C¯a∂µC3Aaµ
+ig2
α− ζ
α
(̟ − ϑ)ǫabC¯aC3aµA
µb
−igκǫab∂µC¯3AaµC
b + ig̺C¯3AaµD
µCa
−i
g
α
(ηǫab − ςδab)C¯3CbDξµAaµ − i
gϑ
α
(ηδab − ςǫba)C¯3CbDµAaµ
+igχǫabC¯3aµA
µaCb − i
g2
α
(̟ − ϑ)(ηǫab − ςδab)C¯3CbaµA
µa
+igχC¯3aµ∂
µC3
+ig2
(
(−ξǫad +̟δad)ǫcb +
̺
2β
(ηǫab − ςδab)δcd
)
C¯aCbAcµA
µd
+g2
1
2
(
ζ −
ς2 + η2
β
)
δacδbdC¯aC¯bCcCd
−g2
α− ζ
α
(ηδab − ςǫba)C¯3C¯aCbC3
−
1
2α
(
DξµAaµ + ϑǫ
abDµAbµ + g(̟ − ϑ)aµA
µa
)2
−
1
2β
(
κ∂µaµ +
1
2
g̺AaµA
µa +
1
2
gχaµa
µ
)2 }
. (21)
The GF+FP term SGF+FP just obtained has eleven independent gauge fixing pa-
rameters ξ, α, ζ , η, κ, β, χ, ̺, ς, ϑ and ̟. If we adopt the most general gauge
fixing term, therefore, we must treat the twelve dimensional parameter space in the
Yang-Mills theory with a gauge coupling constant g. In order to simplify the theory,
we try to find the fixed subspace in which the renormalization group flow is confined
by being protected by some symmetries. In fact, there are some fixed subspaces in
the parameter space protected by the following symmetries.1
Charge conjugation: The exceptional part (19) breaks the “charge conjugation”
symmetry[13] under the discrete transformation:
Φ1 → Φ1, Φ2 → −Φ2, Φ3 → −Φ3, (22)
1Some of these symmetries were first pointed out by Hata and Niigata in Ref. [13].
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where ΦA denotes all fields. Any term belonging to the group (8) is not invari-
ant under this charge conjugation, while any term belonging to the group (7)
is invariant under the “charge conjugation”. Therefore, by setting the param-
eter χ = ̺ = ς = ω = ϑ = ̟ = 0, the charge conjugation symmetry is
recovered. However, once we consider the non-perturbative effect, for instance
ghost–antighost condensation proposed in the previous paper[9], the “charge
conjugation” invariance2 is not expected to hold.
Translational invariance for C¯3: By setting the parameter to η = 0 and χ = ̺ =
ς = ω = 0, the GF+FP term respects a global symmetry under the translation
of the diagonal antighost C¯3(x) as C¯3(x) → C¯3(x) + θ¯3 where θ¯3 is a constant
Grassmann variable. This is because the diagonal antighost C¯3 appears only
in the differentiated form ∂µC¯
3 for this choice of the parameters. Then the
translational symmetry of C¯3 exists in the theory.
Translational invariance for C3: By setting the parameter to α = ζ , the action
has a global symmetry under the translation of the diagonal ghost as C3(x)→
C3(x)+θ3 where θ3 is a constant Grassmann variable. In the similar manner to
the previous case, we can confirm that the translational symmetry of C3 exists
in this case.
Implicit residual U(1) invariance: By setting the parameter to ξ = 1, χ = ̺ =
ς = ω = 0 and ̟ = ϑ, the action has the residual U(1) gauge symmetry
mentioned in the previous paper[10], although the gauge fixing for the residual
U(1) gauge symmetry has already been accomplished. As we have mentioned in
the previous paper[10], there is the U(1) gauge symmetry if the diagonal gluon
does not appear in the action after replacing all the derivatives with the Abelian
covariant derivative defined by (16) except for a quadratic term as (∂µaµ)
2. In
the view of the background field method[18], there is a gauge symmetry with
respect to the background diagonal field.
SGF+FP =
∫
d4x
{
−
1 + ϑ2
2α
(
DµAaµ
)2
−
1
2β
(κ∂µaµ)
2
+iC¯aDµDµC
a + iϑǫabC¯aDµDµC
b + iκC¯3∂2C3
+i
g
α
(
ǫab − ϑδab
) [
(α− ζ)C¯aDµAbµC
3 + ηC¯3CaDµAbµ
]
+i
gκ
β
ηǫabC¯aCb∂µaµ − igκǫ
ab∂µC¯3AaµC
b − ig2ǫadǫcbC¯aCbAcµA
µd
+
g2
2
(
ζ −
η2
β
)
C¯aC¯bCaCb − g2
α− ζ
α
ηC¯3C¯aCaC3
}
. (23)
Anti-BRST symmetry: By setting the parameter to χ = ̺ = ς = ω = 0, ϑ = ̟ =
0, 1−ξ−κ = 0 and α−β+η−ζ = 0, the action has the anti-BRST invariance.
2There are two types ghost–antighost condensation, CaC¯a = C1C¯1 + C2C¯2 and ǫabC¯aCb =
C1C¯2 − C2C¯1. The “charge conjugation” invariance is broken by the latter one. (See Ref. [9] for
more details.)
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Then the action is given by
SGF ≡
∫
d4x
{
iδBδ¯B
[
1
2
AµaAaµ −
i
2
(η + ζ)CaC¯a +
κ
2
aµaµ − ηiC
3C¯3
]
+
1
2
(α− η − ζ)BABA
}
. (24)
Here, the second term in the integrand of the right hand side of the Eq. (24)
is not exact in the combined BRST and anti-BRST transformations, δBδ¯B,
differently from the first term. However, the second term is both BRST and
anti-BRST invariant since BABA = −iδB(C¯
ABA) = iδ¯B(C
ABA).
Global SU(2) invariance: After setting the parameter to χ = ̺ = ς = ω = 0,
ϑ = ̟ = 0, ξ = 0, κ = 1, α = β and ζ = η, the action has the global SU(2)
invariance. Then the action is given by
SGF ≡ −
∫
d4xiδB
{
C¯A
[
∂µAAµ +
α
2
BA −
ζ
2
ǫABCC¯BCC
]}
. (25)
It is easy to see that this choice of parameters is a spacial case of the anti-BRST
symmetric case. As a result, the action (25) is recast into
SGF =
∫
d4x
[
iδBδ¯B
(
1
2
AAµA
µA −
ξ
2
iCAC¯A
)
+
ξ′
2
BABA
]
, (26)
by introducing ξ and ξ′ as α = ξ + ξ′, ζ = ξ/2. This form agrees with the
global SU(2) invariant action which is invariant under the BRST and anti-
BRST transformation obtained by Baulieu and Thierry-Mieg[20].
FP conjugation invariance: After setting the parameter to χ = ̺ = ς = ω = 0,
ϑ = ̟ = 0, α = ζ + η, 1− ξ − κ = 0 and κ(β − 2η) = 0 and integrating out B3
and Ba, the action has the invariance under the FP ghost conjugation:
CA → ±C¯A, C¯A → ∓CA, AAµ → A
A
µ . (27)
In the case of κ 6= 0, i.e., β = 2η, the anti-BRST symmetry is also recovered
and we obtain
SGF =
∫
d4x
{
iδBδ¯B
[
1
2
AµaAaµ −
i
2
αCaC¯a +
κ
2
aµaµ −
i
2
βC3C¯3
]}
. (28)
It is identical to the BRST–anti-BRST exact part of the FP+GF term (24)
previously discussed. Another case, κ = 0, is very delicate since the gauge
fixing term of the Abelian gluon is eliminated by the naive limit of κ→ 0.
SL(2, R) symmetry: After setting the parameter to χ = ̺ = ς = ω = 0, ϑ = ̟ = 0,
α = ζ+ η, 1− ξ−κ = 0 and κ(β−2η) = 0 and integrating out B3 and Ba, just
as in the FP conjugation invariance, the GF+FP term also become invariant
under the two transformations:
δ+C¯
A(x) = CA(x), δ+(other fields) = 0, (29)
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δ−C
A(x) = C¯A(x), δ−(other fields) = 0. (30)
These symmetries are SL(2, R) symmetry for the multiplet of ghost and antighost
(C, C¯), see e.g. Ref. [9].
When we wish to perform thorough analyses for phenomena with unbroken global
U(1) symmetry, it is desirable to employ the most general action (21). However, it is
very tedious work so that we should require some additional symmetries and restrict
the gauge parameter space properly.
Now we define the most general MA gauge. In the analysis of the conventional
MA gauge, the residual U(1) symmetry is the most important symmetry since the
MA gauge condition is originally defined as follows. The MA gauge is obtained by
minimizing the functional R[AU ] with respect to the local gauge transformation U(x)
of Aaµ(x). Here, R[A] is defined as the functional of off-diagonal gluon fields,
R[A] :=
∫
d4x
1
2
Aaµ(x)A
µa(x). (31)
Then we obtain the differential form of the MA gauge condition,
DµA
µa ≡
(
∂µδ
ab − gǫabaµ
)
Aµb = 0. (32)
To adopt this condition (32), we must set ξ = 1, χ = ̺ = ς = ω and ̟ = ϑ as we
mentioned in Implicit residual U(1) invariance and (23).
A remarkable difference between our gauge fixing procedure and that of the previ-
ous works (Min, Lee and Pac [12] and Hata and Niigata[13]) is the existence of a new
parameter κ. If we do not require the recovery of global SU(2) gauge symmetry in our
gauge fixing, then there is no need to set the parameter κ to 1 against Ref. [13]. At
first sight, the parameter κ can be absorbed by rescaling the diagonal ghost C3 and
diagonal antighost C¯3. However, such a rescaling is not always valid. For instance,
requiring the residual U(1) gauge symmetry to the gauge fixing term (28) which has
invariance under SL(2, R) symmetry and FP conjugation, we must set κ = 0 since
there is a relation 1 − ξ − κ = 0. Therefore, in this case, we cannot absorb the
parameter κ by rescaling the field. On the contrary, setting κ = 1 in the gauge fixing
term (28), the gauge fixing condition becomes ∂µA
µa = 0 which is identical to the
ordinary Lorentz gauge condition so that it is not the MA gauge in the ordinary sense
in spite of the breaking of the global SU(2) symmetry for α 6= β.
Another advantage of introducing the parameter κ is that the symmetry of the
renormalized theory under the FP conjugation (i.e., the symmetry of the renormalized
theory under the exchange of the ghost and antighost) is easily examined for the
renormalized theory, since the renormalized ghost and antighost fields are defined
through the same renormalization factor.
3 The minimum choice of the gauge fixing terms
By requiring some of the symmetries listed in the previous section, that is, charge
conjugation, translational invariance of the diagonal ghost C3 or antighost C¯3 and
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implicit U(1) gauge symmetry, we obtain the minimum choice of the renormalizable
MA gauge. Setting parameters as
α = ζ, ξ = 1, and η = χ = ̺ = ς = ω = ϑ = ̟ = 0, (33)
we arrive at the gauge fixing terms with three parameters α, β and κ.
SGF := i
∫
d4xδBδ¯B
[
1
2
AµaAaµ −
α
2
iCaC¯a
]
− i
∫
d4xδB
{
C¯3
[
κ∂µaµ +
β
2
B3
]}
=
∫
d4x
{
BaDµAbµ +
α
2
BaBa + iC¯aD2Cb − ig2ǫadǫcbC¯aCbAµcAdµ
+igǫabC¯a(DµAbµ)C
3 − iαgǫabBaC¯bC3 +
α
4
g2ǫabǫcdC¯aC¯bCcCd
+κB3∂µaµ +
β
2
B3B3 + iκC¯3∂2C3 + iκC¯3∂µ(gǫbcAbµC
c)
}
. (34)
By integrating out B3 and Ba, we obtain
SGF =
∫
d4x
{
−
1
2α
(DµAaµ)
2 −
κ2
2β
(∂µaµ)
2
+iC¯aD2Cb − ig2ǫadǫcbC¯aCbAµcAdµ +
α
4
g2ǫabǫcdC¯aC¯bCcCd
+iκC¯3∂2C3 + iκC¯3∂µ(gǫbcAbµC
c)
}
. (35)
In the following subsections, we consider the renormalizability of this action in the
two different schemes. In the Scheme I, the parameter κ is absorbed by rescaling the
antighost field. In this case, we must distinguish the renormalization factors of the
diagonal ghost and diagonal antighost fields. This approach is valid except for the case
of κ = 0, in which the rescaling of the antighost field is ill-defined. In the Scheme II,
the parameter κ is left explicitly. In this case we can equate the renormalization
factors of the diagonal ghost and diagonal antighost fields. This approach is valid
even if κ = 0, and we demonstrate that the case of κ = 0 is meaningful from the
viewpoint of renormalizability and symmetries.
3.1 Scheme I
In the case of κ 6= 0, the parameter κ can be absorbed by rescaling the diagonal
antighost field and parameter β as
C¯3 →
C¯3
κ
, β → κ2β, (36)
and we obtain
SGF =
∫
d4x
{
−
1
2α
(DµAaµ)
2 −
1
2β
(∂µaµ)
2
+iC¯aD2Cb − ig2ǫadǫcbC¯aCbAµcAdµ +
α
4
g2ǫabǫcdC¯aC¯bCcCd
+iC¯3∂2C3 + iC¯3∂µ(gǫbcAbµC
c)
}
. (37)
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3, µ
a
b
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b
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3, µ
3, ν
a, ρ
b, σ
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b, ν
c, ρ
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3, µ
3, ν
a
b
(k)
c, µ
d, ν
a
b
(l)
a
c
b
d
Figure 1: The wavy line corresponds to the gluon, and the broken line corresponds to
the ghost or antighost. The graphs in (a) and (b) represent respectively diagonal and
off-diagonal gluons while the graphs in (c) and (d) represent respectively diagonal and
off-diagonal ghosts. The graphs in (e), (f) and (g) represent the three-point vertex
and the graphs in (h), (i), (j), (k) and (l) represent the four-point vertex.
We notice that the diagonal ghost C3 does not appear in the interaction terms in (37).
Therefore we need not take account of the internal diagonal ghost in the calculation
of perturbative loop expansions. The beta-function, the anomalous dimensions of the
diagonal gluon aµ and off-diagonal gluon A
a
µ, and RG functions of two gauge fixing
parameters α and β have already been obtained in previous papers[10, 11]. In this
paper, we determine the anomalous dimension of the ghost field C and antighost field
C¯ by making use of the dimensional regularization at the one-loop level.
3.1.1 Feynman rules
From the total action:
S := SYM + SGF, (38)
with the Yang-Mills action
SYM = −
∫
d4x
1
4
FAµνF
µνA, (39)
we obtain the following Feynman rules.
Propagators
(a) diagonal gluon propagator:
iDµν = −
i
p2
[
gµν − (1− β)
pµpν
p2
]
. (40)
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(b) off-diagonal gluon propagator:
iDabµν = −
i
p2
[
gµν − (1− α)
pµpν
p2
]
δab. (41)
(c) diagonal ghost propagator:
i∆ = −
1
p2
. (42)
(d) off-diagonal ghost propagator:
i∆ab = −
1
p2
δab. (43)
Three-point vertices
(e) One diagonal and two off-diagonal gluons:
i
〈
aµ(p)A
a
ρ(q)A
b
σ(r)
〉
bare
= gǫab
[
(q − r)µgρσ +
{
r − p+ q
α
}
ρ
gσµ +
{
p− q − r
α
}
σ
gµρ
]
. (44)
(f) One diagonal gluon, one off-diagonal ghost and one off-diagonal antighost:
i
〈
C¯a(p)Cb(q)aµ
〉
bare
= −i(p+ q)µgǫ
ab. (45)
(g) One off-diagonal gluon, one off-diagonal ghost and one diagonal antighost:
i
〈
C¯3(p)Cb(q)Acµ
〉
bare
= −igǫcbpµ. (46)
Four-point vertices
(h) Two diagonal gluons and two off-diagonal gluons:
i
〈
A3µA
3
νA
a
ρA
b
σ
〉
bare
= −ig2δab
[
2gµνgρσ −
(
1−
1
α
)
(gµρgνσ + gµσgνρ)
]
. (47)
(i) Four off-diagonal gluons:
i
〈
AaµA
b
νA
c
ρA
d
σ
〉
bare
= −i2g2[ǫabǫcdIµν,ρσ + ǫ
acǫbdIµρ,νσ + ǫ
adǫbcIµσ,νρ], (48)
where Iµν,ρσ := (gµρgνσ − gµσgνρ)/2 .
(j) Two diagonal gluons, one off-diagonal ghost and one off-diagonal antighost:
i
〈
C¯aCbA3µA
3
ν
〉
bare
= 2g2δabgµν . (49)
(k) Two off-diagonal gluons, one off-diagonal ghost and one off-diagonal antighost:
i
〈
C¯aCbAcµA
d
ν
〉
bare
= g2
[
ǫadǫcb + ǫacǫdb
]
gµν . (50)
(l) Two off-diagonal ghosts and two off-diagonal antighosts:
i
〈
C¯aC¯bCcCd
〉
bare
= ig2αǫabǫcd. (51)
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3.1.2 Counterterms
In order to construct the renormalized theory, we define the following renormalized
fields3 and parameters:
aµ = Z
1/2
a aRµ, C
3 = Z1/2c C
3
R, C¯
3 = Z
1/2
c¯ C¯
3
R,
Aaµ = Z
1/2
A A
a
Rµ, C
a = Z
1/2
C C
a
R, C¯
a = Z
1/2
C C¯
a
R,
g = ZggR, α = ZααR, β = ZββR.
(52)
By substituting the above renormalization relations (52) into the action (38), we
obtain
S = SR +∆Sgauge +∆Sghost. (53)
Here SR is the renormalized action obtained from the bare action (38) by replacing all
the fields and parameters with the renormalized ones, while ∆Sghost and ∆Sgauge are
counterterms with and without ghost fields respectively. In this paper we focus on
the renormalizability of the terms with ghost fields ∆Sghost. This is explicitly given
by
∆Sghost =
∫
d4x
{
iδaC¯
a
RD
2
RC
a
R + iδbC¯
3
R∂
2C3R
−iδcg
2
Rǫ
adǫcbC¯aRC
b
RA
µc
R A
d
Rµ + δd
αR
4
g2Rǫ
abǫcdC¯aRC¯
b
RC
c
RC
d
R
+iδeC¯
3
R∂
µ(gRǫ
bcAbRµC
c
R)
}
, (54)
where we have defined the renormalized Abelian covariant derivative DR by
DRµΦ
a :=
(
∂µδ
ab − gRǫ
abaRµ
)
Φb. (55)
Abelian covariant derivative itself does not change under the renormalization. Indeed,
substituting the renormalized relations (52) into the definition of the bare Abelian
covariant derivative (16) and using the relation Zg = Z
−1/2
a due to the implicit residual
U(1) gauge symmetry pointed out in the previous paper[10], we obtain
DµΦ
a =
(
∂µδ
ab − gǫabaµ
)
Φb
=
(
∂µδ
ab − ZgZ
1/2
a gRǫ
abaRµ
)
Φb
=
(
∂µδ
ab − gRǫ
abaRµ
)
Φb
= DRµΦ
a. (56)
3Here, the renormalization factors for off-diagonal ghost Ca and off-diagonal antighost C¯a can
be identical to each other. On the other hand, we must introduce different renormalization factors
Zc and Zc¯ for diagonal ghost C
3 and diagonal antighost C¯3 respectively, since we absorbed the
parameter κ to the diagonal antighost field C¯3. See Appendix, for more details.
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The coefficients δ = (δa, δb, δc, δd, δe) in the counter terms (54) are related to the
renormalization factors ZX = (Zc, Zc¯, ZC) as
δa = ZC − 1, δb = Z
1/2
c Z
1/2
c¯ − 1,
δc = Z
2
gZCZA − 1, δd = ZαZ
2
gZ
2
C − 1,
δe = Z
1/2
c¯ ZgZ
1/2
A Z
1/2
C − 1.
(57)
Therefore we can determine the renormalization factors Zs by calculating δs.
3.1.3 Anomalous dimensions and RG functions
In this subsection, we determine the renormalization factors and anomalous dimen-
sions of the fields and parameters. The renormalization factor ZX is expanded order
by order of the loop expansion as
ZX = 1 + Z
(1)
X + Z
(2)
X + · · · , (58)
where Z
(n)
X is the nth order contribution. The anomalous dimension of the respective
field X = Z
1/2
X XR is defined by
γX :=
1
2
µ
∂
∂µ
lnZX :=
1
2
µ
∂
∂µ
Z
(1)
X + · · · , (59)
and the RG function of the respective parameter Y = ZY YR is defined by
γY := µ
∂
∂µ
YR := −YRµ
∂
∂µ
Z
(1)
Y + · · · . (60)
The anomalous dimension of the diagonal gluon aµ can be determined by requiring
the renormalizability for the transverse part of the diagonal gluon propagator. On
the other hand, the RG function of the Abelian gauge fixing parameter β can be de-
termined by requiring the renormalizability for the longitudinal part of the diagonal
gluon propagator. Similarly, the anomalous dimensions of the off-diagonal gluons Aaµ
and the RG function of the gauge fixing parameter α can be respectively determined
by considering the transverse and longitudinal part of of off-diagonal gluon propaga-
tors. Then the renormalization factors Za, Zβ, ZA and Zα are obtained by calculating
the counterterms ∆Sgauge. Moreover, from the counterterms ∆Sgauge we can calculate
also the RG function of the QCD coupling constant g, that is, the β-function. These
renormalization factors have already been calculated in Ref. [10, 11] by making use of
the dimensional regularization. Consequently, the renormalization factors are given
as
Z(1)a = Z
(1)
β =
22
3
(µ−ǫgR)
2
(4π)2ǫ
, (61)
Z
(1)
A =
(gRµ
−ǫ)2
(4π)2ǫ
[
17
6
−
αR
2
− βR
]
, (62)
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(a1) (a2)
3
(a3) (a4)
Figure 2: The graphs corresponding to one-loop radiative corrections for the propaga-
tor of the off-diagonal ghost. The wavy line labeled by 3 represents the diagonal gluon
while the wavy line without any label represents the off-diagonal gluon. Similarly the
broken line with no label represents the off-diagonal ghost or antighost.
Z(1)α =
(gRµ
−ǫ)2
(4π)2ǫ
[
4
3
− αR −
3
αR
]
, (63)
Z(1)g = −
1
2
Z(1)a = −
11
3
(µ−ǫgR)
2
(4π)2ǫ
, (64)
where ǫ is defined as ǫ := (4− d)/2.
In this paper, we determine the remaining renormalization factors, Zc, Zc¯ and
ZC , by making use of the dimensional regularization. In order to determine these
three factors, we must calculate three independent coefficients δs in Eqs. (57). For
instance, ZC is obtained by calculating δa in Eq. (57). By calculating δb, we obtain a
relation of Zc and Zc¯. One more relation is obtained by calculating δe. In the actual
calculations, it is useful to remember the fact that the diagonal ghost does not appear
in the internal line.
First, we consider the quantum correction to the diagonal ghost propagator. There
is no divergent graph for the diagonal ghost propagator in the dimensional regular-
ization, so that we immediately obtain a relation between Z(1)c and Z
(1)
c¯ :
δb =
1
2
Z(1)c +
1
2
Z
(1)
c¯ = 0. (65)
Here, the identity δb = 0 holds to all order of perturbative calculations, since there is
no interaction term including the diagonal ghost in our action (37). In fact, we cannot
write the diagram corresponding to the process which causes radiative corrections to
the diagonal ghost propagator. In other words, the contribution to the diagonal ghost
propagator comes from a tree level graph alone.
Next, we consider the quantum correction to the off-diagonal ghost propagators.
The divergent graphs for the off-diagonal ghost propagators are enumerated in Fig. 2.
The graph (a1) includes both the quadratic and logarithmic divergences. On the other
hand, each graph (a2), (a3) and (a4) includes only quadratic divergence in the dimen-
sional regularization. However, the quadratic divergence from four graphs are can-
celed so that non-trivial (logarithmic) contribution comes from only one graph (a1).
Thus, by making use of the dimensional regularization, δa or Z
(1)
C is obtained as
δa = Z
(1)
C =
(gRµ
−ǫ)2
(4π)2ǫ
(3− βR). (66)
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(b1) 3 (b2) 3
3
Figure 3: The graphs corresponding to one-loop radiative corrections for the three
point vertex of one diagonal antighost, one off-diagonal ghost and one off-diagonal
gluon. The wavy line and the broken line labeled by 3 represent the diagonal gluon
and diagonal ghost respectively, while the line without any label represents the off-
diagonal gluon or off-diagonal ghost.
In order to determine δe we calculate the quantum correction to the three point
vertex of one diagonal antighost, one off-diagonal ghost and one off-diagonal gluon.
The divergent graphs for this vertex are collected in Fig. 3. Then we obtain
δe =
1
2
Z
(1)
c¯ + Z
(1)
g +
1
2
Z
(1)
A +
1
2
Z
(1)
C
= −
(gRµ
−ǫ)2
(4π)2ǫ
[
βR +
9
4
+
3
4
αR
]
, (67)
or, by solving with respect to Zc and Zc¯, we also obtain
Z(1)c = −Z
(1)
c¯ = (3 + αR)
(gRµ
−ǫ)2
(4π)2ǫ
, (68)
where we have made use of Eqs. (65), (62), (64) and (66).
Substituting one loop renormalization factors Z
(1)
X and Z
(1)
Y into the definitions of
the anomalous dimension (59) or RG functions (60), we obtain the following anoma-
lous dimensions and RG functions:
γa(gR) = −
22
3
g2R
(4π)2
, (69)
γA(gR) = −
g2R
(4π)2
[
17
6
−
αR
2
− βR
]
, (70)
γβ(gR) =
44
3
βR
g2R
(4π)2
, (71)
γα(gR) =
g2R
(4π)2
[
8
3
αR − 2α
2
R − 6
]
, (72)
β(gR) = γg(gR) = −
22
3
g3R
(4π)2
, (73)
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γc(gR) = −(3 + αR)
g2R
(4π)2
= −γc¯(gR), (74)
γC(gR) = −
g2R
(4π)2
(3− βR). (75)
Thus we have obtained anomalous dimensions of all the fields and RG functions of all
parameters at the one-loop level of perturbative expansion based on the dimensional
regularization.
3.2 Scheme II
In the previous scheme, we absorbed κ by a rescaling (36). However, we can also leave
this parameter explicitly. Especially, in the case of κ = 0, we cannot perform such a
rescaling (36). Here, some of Feynman rules enumerated in the previous subsection
must be modified as follows.
(a)′ Diagonal gluon propagator:
iDµν = −
i
p2
[
gµν −
(
1−
β
κ2
)
pµpν
p2
]
. (76)
(c)′ Diagonal ghost propagator:
i∆ = −
1
κp2
. (77)
(g)′ One off-diagonal gluon, one off-diagonal ghost and one diagonal antighost:
i
〈
C¯3(p)Cb(q)Acµ
〉
bare
= −iκgǫcbpµ. (78)
Due to the existence of κ and the renormalization of κ, we can equate the renormal-
ization factor of C3 and C¯3, i.e., Zc = Zc¯. Therefore we can redefine the renormalized
diagonal antighost field and a parameter κ:
C¯3 = Z1/2c C¯
3
R, κ = ZκκR. (79)
By straightforward calculations, we obtain the RG functions of κ and βˆ := β/κ2 as
γκ(gR) = −2(3 + αR)κR
g2R
(4π)2
, (80)
γβˆ(gR) =
44
3
βˆR
g2R
(4π)2
. (81)
The beta-function, the other anomalous dimensions and RG functions are identical to
those calculated in the previous subsection. From (80), we notice that a fixed point
of κ exists at κ = 0. After setting κ = 0, we can obtain a simpler action:
SGF =
∫
d4x
{
−
1
2α
(DµAaµ)
2 −
1
2βˆ
(∂µaµ)
2
+iC¯aD2Cb − ig2ǫadǫcbC¯aCbAµcAdµ +
α
4
g2ǫabǫcdC¯aC¯bCcCd
}
. (82)
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The off-diagonal part is equal to the modified MA gauge term and the diagonal part
is nothing but the Lorentz gauge for Abelian theory. It is remarkable that this gauge
fixing term has FP conjugation invariance and SL(2, R) symmetry for the multiplet
of ghost and antighost fields.
4 Conclusion and discussion
In this paper, we have investigated how to construct the most general and renormaliz-
able MA gauge for SU(2) Yang-Mills theory and performed perturbative calculations
for a simplest version of the SU(2) Yang-Mills theory in the MA gauge.
First, we have constructed the most general gauge fixing term with the BRST
symmetry and the global U(1) symmetry, but without the global SU(2) symmetry.
By definition, the modified MA gauge partially fixes the gauge symmetry so that
the residual U(1) gauge symmetry leaves intact. In order to make the gauge fixing
term renormalizable in the exact sense, furthermore, we must fix the residual U(1)
gauge symmetry and hence we need the gauge fixing term for fixing the residual U(1)
symmetry. In the MA gauge, only the global U(1) symmetry remains unbroken.
Second, we have required several symmetries in order to restrict the parameter
space. We expect that the renormalizability is not spoiled by restricting the parameter
space to a subspace protected by the imposed symmetries. We have found that at
least three independent parameters α, β and κ are necessary and sufficient to maintain
the renormalizability. The minimal choice coincides with the modified MA gauge
proposed in the previous papers [7, 9] from the viewpoint of renormalizability.
Third, we have calculated the beta function, anomalous dimensions of all fields
and RG functions of all gauge parameters in the minimal action at one loop order.
In the construction of action, we should not impose so many restrictions. For
instance, the ordinary Faddeev-Popov term i∂µC¯ADµC
A is not invariant under the
translation of the diagonal ghost, while it is invariant under the translation of the
diagonal antighost. Thus, if we would like to compare the MA gauge with the ordinary
Lorentz gauge, we should not require the translational symmetry for the diagonal
ghost.
Similarly, in the modified MA gauge, we expect that the ghost–antighost com-
posite operators ǫabCaC¯b and CaC¯a have non-trivial expectation values due to the
condensation and hence the charge conjugation symmetry breaks down.[9, 19] There-
fore we must not require the charge conjugation symmetry from this viewpoint. The
results of investigations to remedy these shortcomings will be reported elsewhere.
In this paper, we have used the full BRST transformation with nilpotency for
constructing the MA gauge fixing. The GF+FP term obtained in this way contains
the diagonal ghost and antighost for κ 6= 0. In a special case κ = 0, the diagonal ghost
and antighost decouple from the Lagrangian, leaving only the simple conventional
gauge fixing term for the diagonal gluon, see eq. (82). At κ = 0, the GF+FP term
does not contain the diagonal ghost and antighost and reproduces the previous version
of MA gauge [9]. If the diagonal ghost is not contained in the MAG Lagrangian
from the beginning, the partition function vanishes, since the measure contains the
18
diagonal ghost, whereas the functional does not contain it. In this case, the correlation
function must be obtained by differentiating logZ[J ]/Z[0] with respect to J . Even if
Z[J ] contains such a zero, the normalization Z[0] carries the same zero. Therefore,
the ratio is still well-defined and hence one can forget about zero. This is equivalent
to removing the diagonal ghost from the measure. In fact, Schaden [19] has used
a new equivariant BRST which contains no diagonal ghost from the beginning. In
other words, he considered the BRST transformation on the functional subspace
invariant under the residual gauge transformation. However, the equivariant BRST
is not nilpotent. This may cause the difficulty to the renormalizability argument.
Nevertheless, the final form of the Lagrangian he obtained is the same as ours set at
κ = 0. Schaden’s consideration will be valid, as far as one does not perform the gauge
fixing for the residual Abelian gauge. In this paper, the MA gauge without diagonal
ghost and antighost used so far is obtained as a special case κ = 0 of our formulation
which includes also the gauge fixing for the residual Abelian gauge without losing
the nilpotency of the BRST transformation. This is an advantage of our formulation
given in this paper.
The results obtained in this paper are the first step toward the non-perturbative
study of the low energy physics, despite that they were calculated by means of per-
turbative way, since the high and low energy region of QCD are closely related to
each other according to renormalization group equation and analyticity.[14]
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A Rescaling of the fields preserving BRST trans-
formation and its connection to the renormal-
ization
First, we consider the gauge fixing term with global SU(2) gauge symmetry given by
LGF = −iγδB
[
C¯A
(
∂µAAµ +
α
2
BA − ζgfABCC¯BCC
)]
, (83)
where γ, α and ζ are arbitrary parameters and δB is the BRST transformation:
δBA
A
µ = DµC
A = ∂µC
A + gfABCABµ C
C ,
δBC
A = −
g
2
fABCCBCC ,
δBC¯
A = iBA,
δBB
A = 0.
(84)
Because of the nilpotency of the BRST transformation, it is trivial that (83) is in-
variant under the transformation:
δAAµ = ǫδBA
A
µ , δC
A = ǫδBC
A, δC¯A = ǫδBC¯
A, δBA = ǫδBB
A, (85)
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for arbitrary Grassmann parameter ǫ.
Now we show that the parameter γ can be set equal to 1 without losing generality.
It turns out that such a parameter can be absorbed by rescaling the fields CA and
C¯A. Indeed, by rescaling the fields as
A′µ = xAµ, B
′
µ = yBµ, C
′ = uC, C¯′ = vC¯, (86)
the BRST transformation (84) is rewritten as
δBA
′A
µ =
(
x
u
)
∂µC
′A +
(
1
u
)
gfABCA′Bµ C
′C ,
δBC
′A = −
(
1
u
)
1
2
gfABCC′BC′C ,
δBC¯
′A = i
(
v
y
)
B′A,
δBB
′A = 0.
(87)
If two conditions x = 1 and y = uv are satisfied, the same form of the BRST
transformation as the original BRST transformation (84) is obtained for the rescaled
field (86) by defining a new BRST transformation δ′B := uδB as
δ
′
BA
′A
µ = ∂µC
′A + gfABCA′Bµ C
′C ,
δ
′
BC
′A = −g
2
fABCC′BC′C ,
δ
′
BC¯
′A = iB′A,
δ
′
BB
′A = 0.
(88)
Then the Lagrangian (83) is rewritten as
LGF = −iγ
′
δ
′
B
[
C¯′A
(
∂µA′Aµ +
α′
2
B′A − ζ ′gfABC C¯′BC′C
)]
, (89)
where γ′ := γ/y, α′ := α/y and ζ ′ := ζ/y. Therefore we can set γ′ to 1 by requiring
a condition y = γ.
Here, we have introduced four rescaling parameters (x, y, u and v) and imposed
three conditions (x = 1, y = uv and γ = y). Then, we can require one more condition.
We consider the renormalization of fields and parameter as
C = Z
1/2
C CR, C¯ = Z
1/2
C¯
C¯R, u = ZuuR, v = ZvvR, (90)
while
C′ = Z
1/2
C′ C
′
R, C¯
′ = Z
1/2
C¯′
C¯′R. (91)
In general, it is not necessary that the renormalization factors ZC and ZC¯ (similarly
ZC′ and ZC¯′) are equivalent. However, substituting (90) and (91) into (86), we have
the relations:
Z
1/2
C ZuCRuR = Z
1/2
C′ C
′
R and Z
1/2
C¯ ZvC¯RvR = Z
1/2
C¯′ C¯
′
R, (92)
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and we can require the relation ZC′ = ZC¯′ by taking u and v appropriately. Therefore
we adopt it as the last condition.
Next, we consider the case of the gauge fixing term with global U(1) gauge sym-
metry alone in SU(2) Yang-Mills theory. Such a term is given by
LGF := iγ∂
µC¯a∂µC
a + iκ∂µC¯3∂µC
3 + · · · , (93)
where “· · ·” denotes the interaction terms given in section 2. Decomposing the BRST
transformation (84) into diagonal and off-diagonal components explicitly, we obtain
δBaµ = ∂µC
3 + gǫabAaµC
b, δBA
a
µ = ∂µC
a + gǫabAbµC
3 − gǫabaµC
b,
δBC
3 = −1
2
gǫabCaCb, δBC
a = −gǫabCbC3,
δBC¯
3 = iB3, δBC¯
a = iBa,
δBB
3 = 0, δBB
a = 0.
(94)
After rescaling the fields as
a′µ = kaµ, B
′3 = lB3, C ′3 = mC3, C¯ ′3 = nC¯3,
A′aµ = xA
a
µ, B
′a = yBa, C ′a = uCa, C¯ ′a = vC¯a,
(95)
the BRST transformation is rewritten as
δBa
′
µ =
(
k
m
)
∂µC
′3 +
(
k
xu
)
gǫabA′aµC
′b,
δBA
′a
µ =
(
x
u
)
∂µC
′a +
(
1
m
)
gǫabA′bµC
′3 −
(
x
ku
)
gǫaba′µC
′b,
δBC
′3 = −
(
m
u2
)
1
2
gǫabC ′aC ′b, δBC
′a = −
(
1
m
)
gǫabC ′bC ′3,
δBC¯
′3 =
(
n
l
)
iB′3, δBC¯
′a =
(
v
y
)
iB′a,
δBB
′3 = 0, δBB
′a = 0.
(96)
Similarly to the previous case, imposing the conditions:
k
m
=
k
xu
=
x
u
=
1
m
=
x
ku
=
m
u2
=
n
l
=
v
y
, (97)
or
k = 1, x2 = 1, m2 = u2, l = mn, y = mv, (98)
we can obtain the some BRST transformation as (94) for the rescaled fields:
δ
′
Ba
′
µ = ∂µC
′3 + gǫabA′aµC
′b, δ′BA
′a
µ = ∂µC
′a + gǫabA′bµC
′3 − gǫaba′µC
′b,
δ
′
BC
′3 = −1
2
gǫabC ′aC ′b, δ′BC
′a = −gǫabC ′bC ′3,
δ
′
BC¯
′3 = iB′3, δ′BC¯
′a = iB′a,
δ
′
BB
′3 = 0, δ′BB
′a = 0,
(99)
where we have defined the new BRST transformation δ′B as δ
′
B := mδB by using the
rescaling factor m of the diagonal ghost C3.
Here, we have introduced five conditions (98) for eight parameters (k, l, m, n, x,
y, u, v). Therefore, we can impose three more conditions. Note that there are four
options:
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(i) An absorption of a parameter γ,
(ii) An absorption of a parameter κ,
(iii) An equivalence of renormalization factor of Ca and C¯a,
(iv) An equivalence of renormalization factor of C3 and C¯3.
Since we can impose only three conditions, one of the four options is never satisfied. It
is possible to discard a condition (iii) or (iv) as done in Refs. [12] and [13]. However,
in order to deal with the ghost and antighost on equal footing, for example, FP
conjugation or BRST–anti-BRST field formalism, it is useful to retain the parameter
γ or κ as we have adopted in this paper.
Thus we can restrict the gauge fixing terms with global U(1) without losing gen-
erality to
LGF := i∂
µC¯a∂µC
a + iκ∂µC¯3∂µC
3 + · · · , (100)
where the renormalization factors of C¯a and Ca are identical to each other and this
is also the case for C¯3 and C3. It is remarkable that the parameter κ (or γ) cannot
be absorbed.
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